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Abstract
In the present paper, a wavelet family over the n-dimensional sphere is con-
structed such that for each scale the wavelet is a polynomial and the inverse
wavelet transform of a continuous function converges in the supremum norm.
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1. Introduction
In the last decades, several wavelet constructions have been proposed for spher-
ical signals, see e.g. [1, 2, 3, 4, 5, 6, 7, 8, 9, 11, 12, 13, 14, 15, 17, 18, 19, 20, 22].
I have shown in [19, Section 5] that there are only two essentially different con-
tinuous wavelet transforms for spherical signals, namely that based on group
theory [2, 3] and that derived from approximate identities [10, 7, 19]. In both
cases, square integrable signals are considered, and the inverse transform is
performed by an integral that converges in L2-norm.
The present paper is devoted to wavelet analysis of continuous functions. Since
the sphere is compact, continuous functions are square integrable. The wavelet
analysis I apply is that derived from approximate identities [19]. The novelty is
that the inverse wavelet transform converges uniformly.
The paper is based on [19] and the same notation is used. In Section 2 a new
(with respect to that from [19]) definition of a wavelet family is given, and it
is shown that the wavelet analysis and the wavelet synthesis can be performed
in the usual way. In Section 3 a wavelet family is constructed such that the
wavelet transform is invertible in the supremum norm. Moreover, the wavelets
are polynomials.
2. The wavelet transform
This section is devoted to the bilinear wavelet transform as defined in [19, Sec-
tion 3]. The goal is to relax the constraints on a function family to be a wavelet,
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more precisely, to abandon the condition∫ 1
−1
∣∣∣∣∫ ∞
R
(
Ψρ ∗Ψρ
)
(t)
dρ
ρ
∣∣∣∣ (1− t2)λ−1/2 dt ≤ c (1)
uniformly in R. This inequality has been verified for the Poisson wavelets in the
proof of Theorem 8.2 in [21]. Note that that proof is based on some previous
results which required a deep study of the wavelet structure. I did not find in
the literature any proof of (1) for the Gauss-Weierstrass wavelet, a standard
example of a spherical wavelet. Here, I provide a new convergence proof for the
inverse wavelet transform such that (1) can be dropped in the wavelet definition.
Definition 2.1. Let α : R+ → R+ be a weight function, piecewise continu-
ous and bounded on compact sets. A family {Ψρ}ρ∈R+ ⊆ L
2(Sn) is called an
admissible spherical wavelet if it satisfies the following condition:∑
k∈Mn−1(l)
∫ ∞
0
∣∣akl (Ψρ)∣∣2 · α(ρ) dρ = N(n, l) for l ∈ N0. (2)
The wavelet transform is defined by
WΨf(ρ, g) =
∫
S
Ψρ(g−1x) · sf(x) dσ(x). (3)
Theorem 2.2. If {Ψρ}ρ∈R+ is an admissible wavelet, then the wavelet trans-
form is invertible by
f(x) = lim
R→0
∫ 1/R
R
∫
SO(n+1)
Ψρ(g
−1x) · (WΨ f)(ρ, g) dν(g) · α(ρ) dρ (4)
with limit in L2-sense.
Proof. Denote the inner integral in (4) by rρ(x). By (3), it is equal to
rρ(x) =
∫
SO(n+1)
∫
Sn
Ψρ(g
−1x) ·Ψρ(g−1y) · f(y) dσ(y) dν(g). (5)
Since the functions Ψρ and f are square integrable, the integral is convergent
and the order of integration may be changed according to Fubini’s theorem,
rρ(x) =
∫
Sn
∫
SO(n+1)
Ψρ(g
−1x) ·Ψρ(g−1y) dν(g) · f(y) dσ(y)
=
∫
Sn
(
Ψρ ∗ˆΨρ
)
(x · y) · f(y) dσ(y).
According to [19, formula (19)], the zonal product of the wavelets can be ex-
pressed as
(
Ψρ ∗ˆΨρ
)
(x · y) =
∞∑
l=0
∑
k∈Mn−1(l)
∣∣akl (Ψρ)∣∣2
N(n, l)
·
λ+ l
λ
Cl(x · y). (6)
2
Since ∣∣∣∣(λ+ l) · Cl(x · y)N(n, l) · λ
∣∣∣∣ ≤ 1N(n, l) · λ+ lλ · Cl(1)
=
(n− 1)! l!
(n+ 2l− 1)(n+ l − 2)!
·
n+ 2l− 1
n− 1
·
(n+ l − 2)!
(n− 2)! l!
= 1
(7)
(see [? , formula (8.937.4)] for the value of Cl(1)) and for each ρ the Fourier
coefficients of Ψρ are square summable, the series on the right-hand-side of (6)
is uniformly bounded (with respect to y, the scale parameter ρ is fixed for the
moment). Further, f ∈ L2(Sn) ⊂ L(Sn). Thus, the order of integration over Sn
and summation with respect to l in
rρ(x) =
∫
Sn
∞∑
l=0
∑
k∈Mn−1(l)
∣∣akl (Ψρ)∣∣2
N(n, l)
·
λ+ l
λ
Cl(x · y) · f(y) dσ(y)
can be changed. By the reproducing property of the kernels λ+lλ Cl, l ∈ N0, we
obtain
rρ(x) =
∞∑
l=0
∑
k∈Mn−1(l)
∣∣akl (Ψρ)∣∣2
N(n, l)
· fl(x)
=
∞∑
l=0
 ∑
k∈Mn−1(l)
∣∣akl (Ψρ)∣∣2
N(n, l)
·
∑
m∈Mn−1(l)
aml (f) · Y
m
l (x)
 . (8)
Consider the coefficients
(r̂ρ)
m
l :=
∑
k∈Mn−1(l)
∣∣akl (Ψρ)∣∣2 · aml (f)N(n, l) .
Since f ∈ L2(Sn), the Fourier coefficients aml (f) are bounded. Further, N(n, l)
is the number of summands with index l and, consequently,
∑
m
aml (f)
N(n,l) is bounded.
On the other hand,
∑
k
∣∣akl (Ψρ)∣∣2 is summable with respect to l by the square
summability of the Fourier coefficients. Thus, the coefficients (r̂ρ)
m
l are summable.
Consequently, they are square summable and r ∈ L2(Sn). This justifies the us-
age of notation (r̂ρ)
k
l . By the Plancherel theorem, for any R, the L
2-norm L(R)
of
f −
∫ 1/R
R
rρ · α(ρ) dρ
satisfies
[L(R)]2 =
∑
l
∑
m
[
1−
∫ 1/R
R
∑
k
∣∣akl (Ψρ)∣∣2
N(n, l)
· α(ρ) dρ
]2
· [aml (f)]
2
. (9)
3
Now, by (2), for each (l, k) the difference in brackets on the right-hand-side
of (9) is bounded. Thus, by the square summability of (aml (f))l,k, the series
in (9) is uniformly bounded. Consequently,
lim
R→0
[L(R)]2
=
∑
l
∑
m
lim
R→0
[
1−
∫ 1/R
R
1
N(n, l)
∑
k
∣∣akl (Ψρ)∣∣2 · α(ρ) dρ
]2
· [aml (f)]
2
= 0,
and the assertion follows. 
Similarly, the isometry condition can be proven for wavelets defined by (2).
Theorem 2.3. Let {Ψρ}ρ∈R+ be an admissible spherical wavelet and f, g ∈
L2(Sn). Then,
〈WΨ f,WΨ g〉 = 〈f, g〉
where the scalar product in the wavelet phase space is given by
〈F,G〉
L2(R+×SO(n+1))
=
∫ ∞
0
∫
SO(n+1)
F (ρ, g)G(ρ, g) dν(g)α(ρ) dρ.
The proof is analogous to that of Theorem 2.2.
Proof. For a fixed ρ, Denote by rρ the integral
rρ =
∫
SO(n+1)
(WΨ f)(ρ, g) · (WΨ g)(ρ, g) dν(g)
=
∫
SO(n+1)
∫
Sn
Ψρ(g
−1x) f(x) dσ(x) ·
∫
Sn
Ψρ(g−1y) g(y) · dσ(y) dν(g).
A change of the integration order yields
rρ =
∫
Sn
∫
Sn
∫
SO(n+1)
Ψρ(g
−1x) ·Ψρ(g−1y) · dν(g)︸ ︷︷ ︸
Ψρ ∗ˆΨρ(x,y)
· α(ρ) dρ · f(x) dσ(x) · g(y) dσ(y).
According to (6), this expression is equal to
rρ =
∫
Sn
∫
Sn
∞∑
l=0
∑
k∈Mn−1(l)
∣∣akl (Ψρ)∣∣2
N(n, l)
·
λ+ l
λ
Cl(x · y) · f(x) dσ(x) · g(y) dσ(y).
The series is uniformly bounded with respect to x. Thus, the order of integration
and summation may be changed,
rρ =
∫
Sn
∑
l,k
∣∣akl (Ψρ)∣∣2
N(n, l)
·
∫
Sn
λ+ l
λ
Cl(x · y) · f(x) dσ(x) · g(y) dσ(y)
=
∫
Sn
∑
l,k
∣∣akl (Ψρ)∣∣2
N(n, l)
· fl(y) · g(y) dσ(y).
4
Since by the Ho¨lder inequality and (7),∣∣∣∣ fl(y)N(n, l)
∣∣∣∣ ≤ ∥∥∥∥ λ+ lλ ·N(n, l) Cl(◦, y)
∥∥∥∥
L2
· ‖f‖L2 ≤ C,
and Ψρ ∈ L
2(Sn), the series is absolutely convergent, and the order of summa-
tion and integration may be changed,
rρ =
∑
l,k
∣∣akl (Ψρ)∣∣2
N(n, l)
·
∫
Sn
fl(y) · g(y) dσ(y).
By the orthogonality of the spherical harmonics,∫
Sn
fl(y) · g(y) dσ(y) =
∑
m∈Mn−1(l)
aml (f) · a
m
l (g).
The assertion follows by the square summability of the Fourier coefficients
aml (f), a
m
l (g) and condition (2), with the same arguments as in the proof of
Theorem 2.2. 
3. The wavelet construction
The goal of this section is to define a wavelet family such that the integral (4)
converges not only in L2-norm, but also uniformly. Moreover, for each scale ρ
the wavelet is a polynomial. The key to the construction is the Poisson inte-
gral formula [10, Theorem 3.4.1] and its implications [10, Theorem 3.4.2 and
Corollary 3.4.3]. These statements from [10] can be straightforward generalized
to the case of the n-dimensional sphere (with the n-dimensional Poisson kernel,
the Gegenbauer polynomials in place of the Legendre polynomials, and spherical
harmonics replaced by the hyperspherical ones) and we omit their proofs here.
Theorem 3.1. Let α(ρ) = 1ρ and let {Ψρ}ρ∈R+ be a wavelet family defined by
a0l (Ψρ) =
√
ρ ·N(n, l) · γl(ρ),
akl (Ψρ) = 0 for k 6= (0, 0, . . . , 0).
(10)
with γl, l ∈ N0, given by
γ0(ρ) = χ[1,2](ρ),
γl(ρ) =

0, ρ ∈
[
1
l ,∞
)
,
ll+1
(l+1)l−1
, ρ ∈
[
1
l+1 ,
1
l
)
,
l(1− ρ)l−1, ρ ∈
(
0, 1l+1
) for l > 0.
Then for each f ∈ C(Sn) the right-hand-side of (4) converges uniformly to f .
5
Remark. Note that the wavelet family defined in Theorem 3.1 is a zonal
one such that the wavelet analysis and the wavelet synthesis can be simplified
according to the formulae given in [19, Subsection 3.2].
Proof. The functions γl, l ∈ N, satisfy∫ ∞
R
γl(ρ) dρ =
{
(1−R)l, R ∈
[
0, 1l+1
]
,
0, R ∈
[
1
l ,∞
)
and for R ∈
[
1
l+1 ,
1
l
]
the integral
∫∞
R
γl(ρ) dρ has values between 0 and (1−R)
l.
Further, ∫ ∞
R
γ0(ρ) dρ = 1 for R ∈ [0, 1].
Thus, akl (Ψρ) satisfy (2), i.e., {Ψρ} is a wavelet. Consider rρ given by (5).
According to (8) it is equal to
rρ(x) =
∞∑
l=0
ρ · γl(ρ)
∑
m∈Mn−1(l)
aml (f) · Y
m
l (x).
Thus, for R ∈
[
1
L+1 ,
1
L
]
, L ∈ N,
∫ 1/R
R
rρ(x)
dρ
ρ
=
L−1∑
l=0
(1−R)lfl(x) + α (1−R)
LfL(x).
with α ∈ [0, 1]. The assertion follows similarly as in the proof of [10, Corol-
lary 3.4.3]. 
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